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DEDICATED TO THE MEMORY OF THEODOR SCHNEIDER 
For certain properties P of groups, by using earlier characterizing results of 
G. Pazderski, recently P. Erdiis and M. E. Mays obtained the asymptotic formulae 
for the counting functions of sets of integers n, such that every group of order n 
has the property P. Here we make explicit some unspecified constants occurring in 
their results. 0 1991 Academic Press, Inc. 
1. INTRODUCTION 
In [2], the asymptotic formulae for the counting functions of (and of 
“difference sets” of) 
Aj := {n: every group of order n has the property (j)> 
have been obtained for various properties (j) pertaining to groups. 
However, in these formulae occur some unspecified constants (of propor- 
tion). One of these results has also been obtained, independently, in [3] 
with the constant (above) specific. Here, likewise, we shall give explicit 
constants for the remaining results of [2]. As usual, for a sequence B of 
integers, let B(x) denote the number of n E B with n <x. 
Consider the properties (0) cyclic; (1) abelian; (2) nilpotent; (3) super- 
solvable; (4) with commutator subgroup cyclic; (5) metacyclic; (6) 
p-nilpotent; (7) possessing an ordered sylow tower. For number-theoretic 
characterizations of members of Al (0 < j < 7), see [4]. From [2] we have 
THEOREM j (3 < j < 7). There holds 
A,(x) - cjx, X--rcO 
with certain constants cj (here c6 depends on p). 
175 
0022-314X/91 $3.00 
641/39/2-4 
Copyright 0 1991 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
176 S. SRINIVASAN 
PROPOSITION 1. The constants cj have values as given by equations (j) 
below, for 3 <j< 7, in the notation of Section 2. 
Also, in [Z] asymptotic formulae for B(x) are given with B = A, -A,, 
and B = A, - A,, as in the following 
THEOREM (1, 2). There holds, for j = 1, 2, 
X 
(Aj-A~i-l)(x)-c;- 
L’,L:’ 
x-+02 
with the notation Lz := log log x, L, := log log log x. 
Here we show that cys are as given in the following 
PROPOSITION 2. We have c; = eey = c;, where y denotes Euler’s constant. 
See Section 4 for some related remarks. We use p (with or without 
affixes) to denote primes. 
2. PROOF OF PROPOSITION 1 
Let n = qm, with (q, m) = 1, be the unique factorization of n with the 
notation q squarefree and m square-full (i.e., plm +p’lm). We verify 
below that 
n E Aj =E. every divisor of n is in Aj (3<j<7). (*I 
Therefore, we have, for any y + co with x + co 
Aj(x)= C C 1 + o(x). (1) 
??lGY qcx/m 
m  E A, qm  E A,, (q,m) = 1 
Here the convergence of Cm-l is used. (In fact, it is easily seen that 
Cm -‘=l--I,(l+p-2+p-3+ . ..).) 
The characterizations for members of Aj (3 6 j < 7) are given by [4], in 
the notation n := n:= I py(pI < . . . < pr; a, > 0, . . . . a, > 0), ni := n, = i pi 
and 
+(l):=l,$(n):=n $(pF),$(p”):=(p-l)(pZ-l)...(pU-1). 
i=l 
We also use the following lemmas. 
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LEMMA 1. For a given squarefree integer k B 1, we have 
The proof is standard. 
LEMMA 2. For a given prime p, the number of integers n < X, such that 
at most one prime divisor of n is E 1 (mod p), is o(X), X-+ co. 
Proof: Write n = q%, a > 0, where prime q is = 1 (mod p) and ri is free 
of prime divisors s 1 (mod p). We use the fact that 
1 l=O((logl:g Y)‘)’ y+ O”. rig Y  
(2) 
(cf. for example, [l, p. 771). 
Thus the number of II 6 X, under consideration, with a=0 is o(X). 
Further it is easily seen that the contribution of n < X with a> 2 is also 
o(X); indeed, we have the majorization (by (2)) 
Finally the contribution with a = 1 is majorized by 
in view of (2), where 2 = exp( (log X)‘12), say. This estimation, by the prime 
number theorem (and (2)), is 
O ( ,;I,2 q(log ig X)2 + log &, *) = OV). 
This proves Lemma 2. 
Case j= 3. Consider the conditions (a3): (n, I(/(py)) and (n, pi - 1) have 
the same prime factors, (/I&): If pi < ak (i# k) then ai < 2 with pf 1 (pk - 1) 
in the event ai = 2, and there does not exist pi with pi( (pj - 1) and 
pjl (pk - 1). From Satz 3 of [4], we have 
A, = {n:n satisfies the conditions (Q) and (/?,)I. 
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Clearly then (*) is fulfilled for j = 3. In (1) write q = q1 q2 with q, defined 
by pi q and p d rC/(m) op 1 ql. Now we obtain from (1) that 
where ’ denotes summation over q, satisfying (ql, m) = 1, mq, E A,, q1 has 
no prime divisor exceeding e(m), and ’ indicates the further restriction that 
(q2, rIp<$(m) PI = 1. (Note then that obviously q2q1m EAT.) In view of 
Lemma 1 (and the trivial AJx)<x) we obtain A,(x)-c,x, x+ co, with 
Case j= 4. From Satz 4 of [4] we have that A, consists precisely of 
those n with max ai < 4, n4 < 2, and (n, $(m)) = 1. Writing A4,i for the set 
of those n in Ad, with n4 = i, we see that, using Lemma 1, 
A,,*(x) = 1 P*(q) - cq.*x, X-+00, 
q<x/16 
(q,ZlO)= 1 
wher c~,~ = 35/256rr*. Similarly, via (1) (since (*) is true for &) we get 
A4,l(x) - c4,1x and so, A4(x) - c4x, x+ co, where 
(1~)c4=c4,1+c4,2 
35 ,6 
(4) 
Case j = 5. Consider the conditions (q): max ai < 2 and (n, +(m)) = 1 
and (b5): (pi - 1, pj - 1, m) = 1 whenever pipjlq. Now, from Satz 5 of [4], 
A, consists precisely of those n satisfying (as) and ( fi5). Clearly then (*) is 
fulfilled for j = 5. In view of (/Is) and Lemma 2, we see that the contribu- 
tion from 1 < m < y (with a suitably small function y of x) in (1) with j = 5, 
is = o(x). Hence, we conclude that As(x) N csx with 
6 
cg=-. 
x2 (5) 
Case j = 6. For given p and a > 0, writing As,, for the set of n with p” 1) n 
and (n, Jl(p”))= 1 we have that A, is the union of A,., (~20). (See p. 335 
of [4].) Now, proceeding similarly to (l), we obtain A,(x)-cgx with 
(6) 
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Case j = 7. From Satz 2 of [4] we have 
A, = (n: (p:. . .pF, *(pf’)) = 1, i = 1,2, . . . . r}. 
Clearly then (*) is fulfilled for j= 7. In (l), write q = q1q2 with q1 defined 
by p ( q, p < $(m) o p 1 ql. Now, proceeding as in the case j= 3, we obtain 
A,(X) - c7x, with 
(7) 
where ’ denotes summation over q, satisfying (q,, m)= 1, mql EAT and q, 
has no prime divisor exceeding $(m). 
3. PROOF OF PROPOSITION 2 
It has been shown in [3] tht c; = eey, and on the same lines one can 
prove that c;=e -y, by using (for k>2) 
loi3 P 1 Texp -i -(max(X, Y))-k+‘, 
P>Y (3 
if lim(X/Y)= co or =O, instead of Lemma 1 of [3]. 
We only briefly sketch the proof of (12) in [3], using the notation given 
there. From the estimations leading to (4’) of [S], we get 
C(x) = c I* 1 + o(xL;iL;2), x+co 
s,(Lz/t,) < p < e;‘L2 m 
with a suitably small positive constant 6,. (Here, we have also used 
the estimations preceding (5) of [S] and Lemma 1 of [ 33 to cover the 
range s;‘L, < p< ,$I’.) To estimate the contribution from the part 
6, L,L;’ <p < s1 L, we use the bounds used for (5) of [S] applied to sub- 
intervals 2’2 < p < 2 j+lZ, Z:=h1L2L;‘, 2jZ<c,L, (j=O, l,..., R).Thus 
we obtain the following estimate for this part: 
Now using e-” = O(uP2) for u >O, it is easily seen that this quantity is 
O(XL;~Z-‘~~L;~)=O(E,XL;~L;~), because 2R=O(~1L.3). Thus (12) of 
[S] is proved. 
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4. CONCLUDING REMARKS 
The value of cg (given in (5), which incidentally corrects the statement 
1 > c5 > 6~~ as mentioned on p. 367 of [2]) suggests the following 
problem: For a squarefree q, define (py :=np,p,,i (p, - 1, p, - 1). Then 
does the counting function of 
B, := {q: (cp,, k) = 1) 
have an “asymptotic formula,” where k is a given positive integer? 
Regarding Proposition 2, the method of [3] gives the following asser- 
tion: For a given integer k > 2, set 
C, := {n: n is not k-free; (n, $(n)) = l}. 
Then 
C,(x) - eCy x --(ck-ck+I)(x), LkL’L2 
2 3 
(8) 
as x + co. It is easily seen that (8) implies Proposition 2. 
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